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Abstract 
An affine plane of order 9 can be specified by an orthogonal array with l0 constraints and 
9 levels. A complete set of pairwise orthogonat 9 x 9 latin squares is obtained when any two 
of the constraints are taken as rows and columns. Any 3 of the 10 constraints give rise to an 
adjugacy set of 9 × 9 latin squares from a particular species. For each of the 7 afline planes of 
order 9 we count the occurrences of different species amongst he 120 subsets of 3 constraints. 
We give some properties of these species, including the orders of their automorphism groups. 
We verify the numbers of subplanes of order 2 in each of the 4 projective planes of order 9. 
1. Introduction 
A latin square has three constraints, namely rows, columns and symbols. A transfor- 
mation of a latin square consists of three permutations which may or may not all be 
different and which are applied to, respectively, the rows, the columns and the symbols. 
Two latin squares belong to the same transformation set (or isotopy class) if one may 
be converted to the other by a transformation [4] (or see [2]). Two latin squares are 
conjugates of one another if one may be obtained from the other by a permutation of 
two or all three of the constraints. A species (or main class) of latin squares comprises 
all members of a transformation set together with all of their conjugates [4] (or again 
see [2]). 
This paper extends the work of [6] by counting the occurrences of different species 
(main classes) amongst he 120 latin squares of order 9 that are inherent in each of 
the different complete sets of pairwise orthogonal 9 × 9 latin squares. We assume basic 
definitions and some results concerning latin squares; details may be found in [2]. We 
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use properties of the projective planes of order 9; for information about these planes, 
see [7]. 
In [6], two complete (unordered) sets 5 °, 5(" of mutually (i.e. pairwise) orthogonal 
latin squares (usually called MOLS or POLS, but here simply called complete sets) of 
order n were defined to be equivalent if and only if ~ '  can be obtained from 5e by 
some combination of (i) a permutation 0 of the rows of all the latin squares, (ii) a 
permutation ~b of the columns of all the squares and (iii) permutations of the symbols 
in each square separately. It was shown in [6] that, when n = 9, this equivalence 
relation partitions the family of all complete sets into exactly 19 equivalence classes. 
Information was also given in [6] about the species and transformation set of each of 
the latin squares from every possible complete set with n = 9; in total, 11 species and 
21 transformation sets are involved. One complete set from each class may be seen in 
[1]. Specimen members of each of the 11 species involved may also be seen in [6] 
and in references quoted by [6]. 
The main tool used in [6] was the correspondence b tween complete sets and pro- 
jective planes of the same order (see also [2,5]). Two complete sets are equivalent 
if they are obtained from the same projective plane with the same choice of f~ ,  the 
line at infinity, and of two points E, A on (~.  The lines through E and A are used to 
index the rows and columns (respectively) of the latin squares from a complete set. 
2. Atfine planes, complete sets of POLS and orthogonal arrays 
There are 7 affine planes of order 9, one corresponding to the desarguesian plane 
and two to each of the other three projective planes of order 9, namely the translation 
plane f2, its dual 12 o and the Hughes plane qL (The notation is taken from [7] and was 
also used in [6].) Since an affine plane is what remains when the line at infinity and 
the points on it are deleted from a projective plane, it can be specified by choosing a 
projective plane and a line as (o~. 
An affine plane of order 9 can be represented by a particular sort of orthogonal 
array [2, p.388]. An orthogonal array OA(9, 10) with 10 constraints and 9 levels 
is an array of 10 rows and 92 columns, whose entries are from a set of 9 symbols, 
such that in every subarray of two rows the columns are all different. An OA(9, 10) 
yields a complete set of order 9 when any one constraint is used to index rows, any 
other to index columns and the other 8 to give the entries in the 8 latin squares. 
Any ordered choice of three constraints yields one latin square; any unordered choice 
yields an adjugacy set of latin squares consisting of a latin square and its adjugates 
obtained by permuting the constraints. All 6 latin squares in an adjugacy set are from 
the same species. An OA(9,10) yields ( lO)= 120 adjugacy sets of latin squares, not 
necessarily all distinct. We calculate how many of them are from each of the species 
involved, for each of the 7 affine planes. The 120 adjugacy sets correspond to the 120 
three-constraint aspects [4, p.305] of a complete set of 9 × 9 latin squares. 
Results from [6] that are required here appear as Tables 1 and 2. 
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Table 1 
Equivalence 
class(es) of 
complete sets 
Specification of Choice of 
affine plane E and A 
Species 
L t q~ any 
L2, L3 Q, t - /oc any 
L4, L5 (~, t ¢ {oc t (~ (~ C {E, A} 
L6 Q, t :~ /~ t~(~,  ft {E,A} 
L7, Ls QD, T E ¢(o~ f ~ {E, A} 
L9 (2 D, T E /~  T fZ {E,A} 
LI0 QD, T ~ {~ AT - (ET) I 
Lll QD T ~ ?oo AT 7~ (ET)' 
LI2 ~, real /~: Both real 
LI3, LI4 ~, real {~ One real 
Li5 7 j, real /~  Both complex 
LI6 ~, real {~ Both complex 
LIT, LIB ~u complex t '~ One real 
LI9 ~, complex /oo Both complex 
8t2 
Na 
8b 
a, b, 6c 
8a 
2a, 6d 
8b 
2b, 6e 
2a, 6 (  
3 f , 2~1, 3h 
a, 3d, 4~t 
4d, 4h 
8i 
i. 6/.k 
Table 2 
Species Number of Number of Number of Order of 
transformation intercalates 3 × 3 latin automorphism 
sets subsquares group 
a I 0 36 3,888 
b 3 48 12 48 
c I 32 0 8 
d I 72 0 72 
e I 24 4 16 
f 3 36 18 36 
3 0 9 486 
h 3 0 12 36 
i 3 24 6 6 
j I 24 3 I 
k I 0 18 36 
Table 1 was condensed from [6, Table 1], omitting details of  transformation sets, 
and Table 2 is [6, Table 2] with an extra column. We denote the equivalence classes 
of complete sets of  order 9 by Li, 1~<i~<19. The letters a to k are used to denote 
the 11 species of latin squares that occur in complete sets. The entry a, bo 6c (for 
instance) in the last column of Table 1 indicates a complete set composed of one latin 
square from species a, one from species b and six from species c. For those species 
that contain intercalates (2 × 2 latin subsquares), Table 3 gives information on the 
pattern of  occurrence of the intercalates. Tables 2 and 3 can be used to assist in the 
identification of  the species of a latin square from a 9 × 9 complete set. 
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Table 3 
Species Number of cells belonging to r intercalates 
r=0 1 2 3 4 5 6 7 8 
b 17 0 48 0 0 0 16 0 0 
c 0 48 24 8 0 0 0 0 1 
d 0 0 0 72 0 0 0 0 9 
e 9 48 24 0 0 0 0 0 0 
f 0 36 36 0 9 0 0 0 0 
i 29 24 18 4 6 0 0 0 0 
j 20 36 15 10 0 0 0 0 0 
3. The enumeration 
For two of the affine planes, namely those given by q~ and by (2 with t = E2,  
where t is the translation line, only species a occurs (see Table 1). Species a consists 
of  those latin squares that are multiplication tables of  the group C3 x C3. In Table 4, 
where our new results are listed, there are corresponding entries 120a. 
In [6] the points E, A on (2  represent rows, columns, respectively. A third point on 
f2 ,  say S, represents the third constraint, namely entries, of  a particular latin square 
from a complete set. We now treat E, A, S as unordered. 
The third and fourth rows of  Table 1 relate to the affine plane specified by the 
translation plane f2 with t # #2.  The third row shows that, if either E or A is t N (2 ,  
then all the latin squares are from species b. Hence, every unordered choice of three 
points on ~/~ including t N (2  yields species b. There are (~) ----- 36 such choices, 
so the entry for this affine plane in Table 4 must include a term 36b. Now suppose 
that neither E nor A is t n E~. The relevant entry in Table 1 is a, b, 6c. The term 
b corresponds to S = t N {2  (see above). The other 7 choices for S yield one latin 
square from species a and six from species c. Hence, out of the (~) = 84 unordered 
choices of three points on #~ not including t N d~,  one in seven yield species a and 
the rest yield species c. The complete ntry in the third row of Table 4 must therefore 
be 12a, 36b, 72c. 
For the affine plane specified by the dual translation plane ~2 ° with T E #2,  where 
T is the translation point, the calculation is similar so we omit some details. According 
to Table 1, b and c are to be replaced by a and d, respectively, so the entry in Table 
4 is 48a, 72d. This is made up of  36a for choices of three points including T and 
12a, 72d for choices that exclude T. 
Now consider the affine plane specified by f2 D with T ~ (~.  The lines through T in 
f2 D form 5 special pairs (d, { ' )  such that every collineation preserves pairs [7]. The 
points in which these lines intersect ~2,  therefore also form 5 special pairs. Row 7 of 
Table 1 shows that when (E, A) is a special pair the latin squares are all from species 
b. In row 8, E and A do not form a pair but (E, S) or (A,S)  can be a pair. These 
two possibilities account for the term 2b and the other 6 choices of  S correspond to 
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Table 4 
Specification of 
affine plane 
Species of the adjugacy 
sets of latin squares 
q5 120a 
Q, t - /oc 120a 
Q, t ¢ /~ 12a, 36b, 72c 
QD T ~ g'~,c: 48a, 72d 
QD T ~ t/oo 40b, 80e 
~P, real /~  6a, 18d, 36.•', 24g, 36h 
~P, complex ?~ 36i, 72j, 12k 
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the other term 6e of the entry. The number of unordered choices of three points on 
/2  including a special pair is 5 x 8 = 40 and there are 10 x 8 × 6/3! = 80 choices 
when pairs are excluded. Thus, the required entry in Table 4 for this affine plane is 
40b, 80e. 
In the Hughes plane 7/ points and lines are classified as real or complex [7]. Every 
real line has 4 real points and 6 complex points. We consider first the affine plane 
specified by ~ with a real f~ ,  to which rows 9 to 12 of Table 1 are applicable. When 
E and A are both real there are 2 real and 6 complex choices for S, corresponding to 
the terms 2a and 6f ,  respectively, in row 9. There are (~) 4 unordered choices of 3 
real points on f2 ;  hence there is a contribution 4a towards the entry in Table 4. (As 
species a appears again in row 11, a further multiple of a will be added later.) There 
are (~) x 6 = 36 unordered choices of two real points and one complex point on /~  
and they all yield species f .  There is a corresponding term 36f  in Table 4. 
In row 10 of Table 1, one of the points E and A, say A, is complex and the other 
is real. The 3 real choices for S account for the term 3 f  (see above) and the 5 
complex choices for S correspond to the other two terms 2g, 3h. This indicates that 
the 6 complex points on f2  (or on any other real line) form two special triads. A 
latin square from species g or h is obtained according as S is in the same triad as A 
or in the other triad, respectively. There are 4 x (~) = 60 unordered choices of  one 
real point and two complex points on /'~ and, of these, 4 x 3 x 3 -- 36 are choices 
with the two complex points in different triads. The corresponding terms in Table 4 
are 24g, 36h. 
There are two rows of Table 1 that correspond to complex E and A. In row 11, 
E and A are in the same triad. The 8 choices for S consist of 4 real points, 1 point 
that completes a triad with E, A and 3 points in the other triad, corresponding to the 
terms 4g, a and 3d of the entry, respectively. The number of unordered choices of 
3 complex points on f~ is 2 if they form a triad and (~) 2 - 18 otherwise, so 
contributions 2a, 18d towards the entry in Table 4 are required. The complete entry is 
6a, 18d, 36f,  24g, 36h as shown. Row 12 of Table 1 can be used as a check. 
Finally, the last two rows of Table 1 relate to ~ with a complex /~.  Every complex 
line in 7 j has exactly one real point and when the real point on f~  is chosen as E or 
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A the latin squares are all from species i. The number of unordered choices of the real 
point and two complex points on f~ is (~) = 36; the corresponding term in Table 4 
is 36i. When E and A are both complex, the real choice for S yields species i and 
the 7 complex choices correspond to the terms 6j, k. Hence, the (~) = 84 unordered 
choices of 3 complex points consist of 72 that yield species j and 12 that yield species 
k. Thus, the entry in the last row of Table 4 is 36i, 72j, 12k. 
4. Automorphism groups and Fano subplanes 
The last column of Table 2 supplements he information about species a to k given 
in [6]. The orders of the automorphism groups were found by means of the computer 
program NAUTY [3]. The output from this program also allows the actual automor- 
phism groups to be identified. For instance, the automorphism groups of species c, e 
and i are Q (the quaternion group), Ds and D3 respectively (where D, denotes the 
dihedral group of order 2r). 
We can use Tables 2 and 4 to calculate the numbers of Fano subplanes (subplanes 
of order 2) in the four projective planes of order 9 and the results agree with those given 
in [7]. I f  L is a latin square from a complete set, every intercalate in L corresponds 
to a Fano subplane containing the line f~  and the points E, A and S on f~ that 
specify L. 
There are no Fano subplanes of the desarguesian plane ~b because latin squares from 
species a have no intercalates. Similarly, the translation plane f2 has no Fano subplanes 
containing the translation line t. From row 3 of Table 4, together with Table 2, we 
find that f2 has 
12 x 0 + 36 x 48 + 72 x 32 = 4,032. 
Fano subplanes containing any particular line f ~ t. As there are 90 choices for f and 
the Fano plane has 7 lines, the total number of Fano subplanes of f2 is 4, 032 x 90/7 = 
51,840. There must be the same number in f2 D because the Fano plane is self-dual. 
By Tables 2 and 4, the number of Fano subplanes of the Hughes plane qJ that 
contain a particular eal line is 18 x 72 + 36 x 36 = 2,592; the number that contain a 
particular complex line is 36 x 24 + 72 x 24, which is also 2,592. As every line of qJ 
is contained in the same number of Fano subplanes, the total number of the latter in 
qJ is 2, 592 x 91/7 = 33,696. 
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